Purpose. The objective of the work is to determine dependence of the separative power of the optimised Iguassu gas centrifuge on the velocity of the rotor. Methodolgy. The dependence is determined by means of computer simulation of the gas flow in the gas centrifuge and numerical solution of the diffusion equation for the light component of the binary mixture of uranium isotopes. 2-D axisymmetric model with the sources/sinks of the mass, angular momentum and energy reproducing the affect of the scoops was explored for the computer simulation. Parameters of the model correspond to the parameters of the so called Iguassu centrifuge. The separative power has been optimised in relation to the pressure of the gas, temperature of the gas, the temperature drop along the rotor, power of the source of angular momentum and energy, feed flow and geometry of the lower baffle. In the result the optimised separative power depends only on the velocity, length and diameter of the rotor. Findings. The dependence on the velocity is described by the power law function with the power law index 2.6 which demonstrate stronger dependence on the velocity than it follows from experimental data. However, the separative power obtained with limitation on the pressure depends on the velocity on the power ≈ 2 which well agree with the experiments. Originality. For the first time the optimised separative power of the gas centrifuges have been calculated via numerical simulation of the gas flow and 
Introduction
Knowledge of dependence of the separative power on the parameters of the gas centrifuge (hereafter GC) is necessary for design of efficient GC for industrial production of enriched uranium. Up to now this knowledge has basically an empirical character. In spite of 60-th year history of exploration of the gas centrifuges for enriched uranium production, there is no fundamental understanding of the dependence of the separative power of the centrifuges on the parameters.
The upper limit on the separative power of GC has been estimated firstly by Dirac [1] . The separative power δU max of any GC is limited by the value
where ρD is the density of uranium hexafluoride (U F 6 ) times the coefficient of self-diffusion of uranium isotopes 238 U and 235 U . ∆M is the mass difference of molecules with different uranium isotopes , R is the gas-law constant, T is gas temperature, L is the length of the rotor of GC, V is the linear velocity of the rotor rotation.
We are interested here in the separative power of GC optimised on all parameters which can be controlled by a designer. The separative power can be presented as a function of a lot of parameters δU (V, L, T, a, α 1 , α 2 , ...), where a is the rotor diameter and the series of parameters α i includes, for example, pressure at the wall of the rotor, feed flow F , feed cut θ, variation of temperature along the rotor δT and many others. Optimization of the gas centrifuge means a search for the maximum of this function at the variation of all the parameters α i . Such a search is performed for every series of V, L, T, a. Therefore, the separative power of the optimised GC depends only on the limited set of the parameters V, L, T, a. Such a formulation of the problem carries additional difficulties in the solution of the problem because it is necessary not only to calculate the separative power of the GC, but additionally to optimise (to find maximal value) in relation to all possible parameters at fixed V , L, a and T .
At the beginning of 1960's an Onsager group from US developed a theory called the pancake approximation [2, 3] . This approach gave the following equation for the optimised separative power
In contrast to eq. (1) where the separative power increases as V 4 , in eq.( 2) the separative power grows linearly with V . This difference is crucially important for the gas centrifuge designers because equations (1) and (2) give essentially different predictions for the separative power at the growth of the rotor velocity.
Experimental data, collected in Russia [4] gave the following empirical equation
where L is measured in meters. Recently this result has been well confirmed by more extended experimental data [5] . After that, a new equation defining the separative power of GC has been proposed in [6] 
where V is measured in m/s, L is the rotor length in meters, e E is a dimensionless experimental efficiency which take into account specific features of every centrifuge and varies in the limit 0.4 -1.2. This equation correctly reproduces the empirical law (3). However, since this equation has been obtained in the pancake model which does not take into account important features of the real flow in the GC the question about dependence of the optimised separative power of the GC on the parameters remains an open problem up to now. Solution of this problem is important from practical point of view indeed. Simple estimates show that the maximal separative power defined by equation (1) is 4-5 times higher than the optimal separative power (3) determined experimentally at V = 700 m/s and 2a = 12 cm. This remarkable difference is due to the different dependence of the separative power on V . Our final objective is to answer on a few fundamental questions. What are the physical reasons for V 2 dependence in (3)? What factors limit the growth of δU with V ? Is it possible to dispose these factors and to increase the separative power of the gas centrifuges a few times at the same velocity and length of the rotor? In other words, is it possible to design a gas centrifuge a few times more efficient compared to the existing ones?
Recently, one more step in understanding of the dependence of the separative power on the parameters has been done in [7] . A simplified concurrent GC has been considered in this work. The optimised separative power of such a GC is defined by the equation
which well agrees with the empirical equation including the numerical coefficient. At first glance this result solves the problem. However, eq. (5) has been obtained for the simplified concurrent centrifuge while the centrifuges used in industry are countercurrent. An axial countercurrent circulation of gas is excited in these centrifuges specially to increase their efficiency. Therefore, it is not evident that the separative power of the countercurrent centrifuges can be described by the same equation as the concurrent centrifuges. The problem of the separative power of the concurrent centrifuges has been solved analytically. In the case of countercurrent centrifuges it is necessary to perform huge amount of computational work on numerical simulation and optimization of the GC. In this work for the first time we present results of calculations of the optimised separative power of the countercurrent GC as a function of velocity.
The paper is organised as follows. In the second section, we present the scheme of the countercurrent centrifuge, basic equations and assumptions. In sec. 3 the solution is described in details. In sec. 4 the optimised separative power is calculated and finally, we discuss the solution in last sec.5.
2-D model of the Iguassu gas centrifuge
The model Iguassu centrifuge [8] is widely explored for the numerical simulations. The modelling of the flow and separation is performed in the rotating frame system. The diameter of the rotor of the GC is d = 0.12 m. The length of the rotor L = 1 m. The modelling is performed in axisymmetric approximation. The affect of the waste scoop has been modelled as a source of mass, momentum and energy distributed over a local toroidal region. The computational domain consists of the working chamber and waste chamber located between two coaxial cylinders as it is shown in fig. 1 . The outer cylinder corresponds to the rotor wall. The inner cylinder is the artificial wall introduced into the model to avoid the simulation in the rarefied gas where the hydrodynamical approximation is not valid [10] . The product chamber located below the working chamber was not included into the computational domain. Its influence was modelled by the pressure imposed at the rotor wall near the lower baffle of the working chamber. The product flow has been specified as a fraction θ of the feed flow.
A linear temperature profile has been specified at the wall of the rotor. The minimal temperature T 0 has been specified above the temperature of sublimation of the working gas. At every step of the optimization procedure of the GC the temperature of the gas has been calculated at the pressure exceeding on 15% the current pressure at the wall. This temperature has been taken as T 0 . The sublimation of the gas is avoided due to this procedure.
Internal boundary of the computational domain corresponds to the Knudsen zone were the gas pressure is of the order of 1 Pa. The feed flow has been specified at the surface of this boundary.
Numerical solution

Basic equations and numerical methods
The solution of the problem of the optimised separation power on the parameters consists on two parts. First we have to solve full system of hydrodynamic equations defining the flow of the working gas with molar mass M and rotating with the angular velocity ω. The system of equations defining the dynamics of the gas in the rotating frame system is as follows [11] : where r i are the components of the cylindrical radius, c p and c v are the specific heat capacity for constant pressure and volume, P -pressure, ρ -density, T -temperature and v i are the components of the velocity, µ dynamic viscosity and χ is the thermal conductivity.
These equations are supplemented by the equation for concentration C of the U F 6 with light isotope of uranium 235 U . This equation has a form
A specialised numerical codes has been developed in National research nuclear university (MEPHI) for solution of the full system of equations. The code is based on Godunov numerical scheme of the second order [12] . The numerical solution has been obtained on the computer cluster of the university.
Verification of the numerical code
The codes for numerical simulation of the hydrodynamical flows and diffusion of the light isotope in the gas centrifuge need special procedures of verification. The verification of our numerical code have been performed using the methodology developed in [13, 14] .
Optimization of the separative power of the gas centrifuge.
The second step to be performed consists in optimizing the GC over the whole range of parameters. The separative power δU is calculated according to the well known equation proposed by Peierls [1] 
where F p is the product flow of the gas enriched by uranium 235 U , C p is the concentration of the light component in the product flow, F w is the waste flow, C w is the concentration of the light component in the waste flow and F , C f are the feed flow and concentrations in the feed flow. The target of the optimization procedure was to reach maximum of δU at variation of the parameters of the gas centrifuge with some limitations on these parameters.
The variable parameters were the pressure of the gas at the wall of the rotor p w , temperature of the lower cap end of the rotor T 0 , temperature variation between the upper and lower cap ends of the rotor ∆T , feed flow F , the breaking capacity of the waste scoop W and the radius r b of the product baffle. In addition we varied the radius R low of the hole of the lower baffle for a total 7 parameters. Finally, the optimised separative power depends only on the length L, velocity V , radius of the rotor a and the feed cut θ. U F 6 gas physical limitations must be considered when optimizing the different parameters. According to the equation of state, the gas goes through a sublimation point and forms a solid phase at the specified pressure and temperature. The sublimation is defined by the pressure and temperature. At a specified pressure there is a minimal temperature T sub (p). Above this temperature U F 6 exists in the gas phase. Thus we imposed the limitation that p < 0.85 · P sub (T ), where P sub (T ) is the pressure of sublimation at temperature T .
The BOBYQA [15] direct search method within the NLopt package [16] has been used for the optimization of the centrifuge. Optimization provides us the values of pressure at the wall of the rotor p, feed flow F , temperature drop along the wall of the rotor ∆T and power of the braking of the gas by the scoop W at which the maximal value of the separative power of the GC is achieved.
All the calculations were performed in parallel using computer cluster. Single evaluation of the GC separative power uses 8 processor cores and takes from 10 to 50 minutes depending on the parameters of the GC. It is nessesary to perform from 10 to 100 evaluations in order to the BOBYQA optimization method converges. Therefore, one optimizations takes from several hours to several days to converge. Optimization calculations with different rotor velocities were done in parallel.
Results
Dependence of the optimised separative power on the rotor velocity
Dependence of the optimised separative power on the velocity of the Iguassu centrifuge is shown in fig. 2 . The calculated dependence (crosses) is well described by the power law function with the index α = 2.62 ± 0.04. This dependence does not agree with the experimental measurements obtained for Russian centrifuges which gives the power law index α = 2. Analysis shows that the difference between our calculations and the experiment arises because of limitations on pressure. We did not impose any limitations on pressure at the walls of the rotor. In real experiments the pressure is always limited from above. Therefore, we have performed calculations of the dependence of the optimised separative power on velocity for 3 different fixed pressures in the rotor. These dependences are described by the power law as well. However, the power law index is different. At low pressure the power law index α = 2.20 ± 0.06 for p = 50 mmHg, α = 2.04 ± 0.04 for p = 200 mmHg and α = 1.89 ± 0.06 for p = 360 mmHg. This means that if the pressure is kept constant at some P limit the index appears very close to the value obtained in the experiments with Russian GCs. In general the dependence of the optimal separation power on velocity can be presented as follows
where p opt (V ) is the optimal pressure. 5.2. Dependence of the optimal pressure p opt on the velocity of the rotor One of the most important parameters of the optimal centrifuge is the pressure at the wall of the rotor. To our knowledge, the pressure in the optimal regime of exploration of the GC has been defined only in the work by [3] . According to this work, the optimal pressure depends on the velocity of the rotor as V 5 . The numerical simulation gives us unique opportunity to obtain the dependence of the optimal pressure on the rotor velocity. The results of calculations of this dependence are presented in fig. 3 . This dependence can be approximated by a power law as well. The power law index equals to 3.54 ± 0.08. This index remarkably differs from 5 defined in the work [3] .
Conclusion
In the work we have performed numerical simulation of the hydrodynamics and diffusion of isotopes in 2-D model of the Iguassu gas centrifuge. Special procedure of optimization of the gas centrifuge has been performed with the objective to reach maximal separative power at a specified velocity, Figure 3 : Dependence of the optimal pressure in the gas centrifuge on the velocity of the rotor length and diameter of the rotor. The calculations show that the separative power depends on the rotor velocity as V 2. 6 . This dependence differs from the dependence δU ∼ V 2 determined experimentally for the Russian centrifuges and differs from the dependence determined for the concurrent centrifuges [7] . This difference is explained by the fact that no limitations on the optimal pressure in the GC was imposed as it is done conventionally in the real centrifuges. If the pressure in the centrifuge is kept constant, the dependence of the separative power on the rotor velocity becomes close to the experimentally determined.
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